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a b s t r a c t
For an oriented graph D, let ID[u, v] denote the set of all vertices lying on a u–v geodesic
or a v–u geodesic. For S ⊆ V(D), let ID[S] denote the union of all ID[u, v] for all u, v ∈ S. Let
[S]D denote the smallest convex set containing S. The geodetic number g(D) of an oriented
graph D is the minimum cardinality of a set S with ID[S] = V(D) and the hull number
h(D) of an oriented graph D is the minimum cardinality of a set S with [S]D = V(D). For
a connected graph G, let O(G) be the set of all orientations of G, define g−(G) = min{g(D) :
D ∈ O(G)}, g+(G) = max{g(D) : D ∈ O(G)}, h−(G) = min{h(D) : D ∈ O(G)}, and
h+(G) = max{h(D) : D ∈ O(G)}. By the above definitions, h−(G) ≤ g−(G) and h+(G) ≤ g+(G).
In the paper, we prove that g−(G) < h+(G) for a connected graph G of order at least
3, and for any nonnegative integers a and b, there exists a connected graph G such that
g−(G) − h−(G) = a and g+(G) − h+(G) = b. These results answer a problem of Farrugia
in [A. Farrugia, Orientable convexity, geodetic and hull numbers in graphs, Discrete Appl.
Math. 148 (2005) 256–262].
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Harary and Nieminen [6] firstly defined the convex hull of a set S of vertices of a graph as the smallest vertex subset T
containing S satisfying all vertices of any geodesic between each pair of vertices of T lying in T. Everett and Seidman [3] gave
the definition of the hull number of a graph as the cardinality of a minimum vertex subset S with the convex hull of S is
the vertex set. Later on, Harary et al. [5] addressed the geodetic number in graphs. The geodetic number of a graph G is the
cardinality of a minimum vertex subset S with every vertex of G being contained in some geodesic of a pair of vertices in S.
In the following we introduce some definitions used in the paper. A graph G is a finite nonempty set of objects called
vertices, denoted by V(G) together with a set of unordered pairs of distinct vertices of G called edges, denoted by E(G).
All graphs considered in this paper are finite and have no loops and multiedges. A directed graph or digraph D is a finite
nonempty set of objects called vertices, denoted by V(D), together with a set of ordered pairs of distinct vertices of D called
arcs or edges, denoted by E(D). An orientation of a graph G is a digraph D obtained from G by assigning directions to all
edges of G. An oriented graph is an orientation of some graph. In a digraph, if the direction of the edge e is from vertex
u to vertex v, then we write e = (u, v). The outdegree od(v) of a vertex v of a digraph D is the number of edges incident
from v and the indegree id(v) of a vertex v of a digraph is the number of edges incident to v. A source (sink) of an oriented
graph D is a vertex of indegree (outdegree) zero. A vertex u of D is a transitive vertex if od(u) > 0, id(u) > 0, and for
every (x, u), (u, y) ∈ E(D), (x, y) ∈ E(D). A vertex v of D is an extreme vertex if v is a source, a sink or a transitive vertex.
A directed u0–uk path (or u–v dipath) P = (u0, u1, . . . , uk) of D is a sequence (u0, u1, . . . , uk) of distinct vertices in D such that
(u0, u1), (u1, u2), . . . , (uk−1, uk) ∈ E(D) and the length of P is k. The distance from vertex u to vertex v in a digraph D, written
as dD(u, v), is the length of a shortest u-v dipath in a digraph D; otherwise, dD(u, v) is infinite. A u–v geodesic is a u–v dipath
with length d(u, v) in D. The closed interval ID[u, v] is the set of all vertices lying on some u–v geodesic or v–u geodesic in D.
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For a vertex subset S, define ID[S] as the union of all ID[u, v] for all u, v ∈ S in D. For a positive integer k, we define the set
IkD[S] by I1D[S] = ID[S] and IkD[S] = ID[Ik−1D [S]] for k ≥ 2. If ID[S] = S in D, then S is called convex. The convex hull [S]D of S is the
smallest convex set containing S in D. A hull set of D is a vertex subset S with [S]D = V(D). It is easy to see that S is a hull
set of D if and only if there exists a positive integer k such that IkD[S] = V(D). The hull number of D is the cardinality of a
minimum hull set in D, denoted by h(D). A geodetic set of D is a vertex subset S with ID[S] = V(D). The geodetic number of D is
the cardinality of a minimum geodetic set in D, denoted by g(D). For a connected graph G, the lower orientable hull number
h−(G) of G is defined as the minimum hull number among all the orientations of G and the upper orientable hull number h+(G)
as the maximum hull number among all the orientations of G. Similarly, the lower orientable geodetic number g−(G) of G is
defined as the minimum geodetic number among all the orientations of G and the upper orientable geodetic number g+(G) of
G is defined as the maximum geodetic number among all the orientations of G. h−(G), h+(G), g−(G), g+(G) were introduced
by Chartrand et al. in [1,2]. In the paper, we prove that g−(G) ≤ h+(G) for graphs G of order n and if a connected graph G has
at least 3 vertices, then g−(G) < h+(G). This implies that there is no graph G with h−(G) < h+(G) < g−(G) < g+(G), and if
a connected graph G has at least 3 vertices, then h−(G) < h+(G) and g−(G) < g+(G). On the other hand, we prove that for
nonnegative integers a and b, there exists a connected graph G such that g−(G) − h−(G) = a and g+(G) − h+(G) = b. These
two results answer a problem of Farrugia in [4].
2. The relation between g−(G) and h+(G)
By the definitions, if G is a graph, then h−(G) ≤ g−(G) and h+(G) ≤ g+(G). This section establishes the relation
g−(G) ≤ h+(G) for a graph G. Before stating the first lemma, we must note a useful property. Suppose D is a digraph and
v is an extreme vertex of D. Since there is no geodesic passing through v in D, every hull or geodetic set of D must contain
the vertex v. Then we have the following lemma which was proved as Lemma 3.2 of [1].
Lemma 1. Suppose that G is a connected graph with at least 3 vertices and T is a spanning tree of G with k leaves. Then g−(G) ≤ k.
Proof. Let S be the set of all leaves of T and r be a leaf of T. Define an orientation D of G by (i) if uv ∈ E(T) and dT(r, u) > dT(r, v),
then (v, u) ∈ E(D), (ii) if uv ∈ E(G) \ E(T) and dT(r, u) > dT(r, v), then (u, v) ∈ E(D), and (iii) assign any arbitrary directions to
the other edges. In D, we have that the paths from r to the other leaves in T are geodesics of D; that is, S is a geodetic set of
D. By the definition, g−(G) ≤ g(D) ≤ |S| = k. The lemma then follows. 
First of all, we consider the graphs having a Hamiltonian path.
Theorem 2. If a graph G of order n ≥ 3 has a Hamiltonian path, then 2 = h−(G) = g−(G) < h+(G). Furthermore, if n ≥ 4, then
2 = h−(G) = g−(G) < h+(G)− 1.
Proof. Since G has a Hamiltonian path, by Lemma 1, g−(G) ≤ 2. Thus, 2 ≤ h−(G) ≤ g−(G) ≤ g(D) = 2. Therefore
2 = h−(G) = g−(G).
If n = 3 and G is connected, then G is either a complete graph or a path. It is easy to see that h+(G) = 3; that is, the
statement of the theorem is true for n = 3. For G being a complete graph, the hull number of an acyclic tournament of order
n is n. So 2 = g−(G) < h+(G) = n for n ≥ 3. We assume that G is not a complete graph and the order of G is at least 4, then
there exist u, v ∈ V(G) such that uv 6∈ E(G).
Case 1. NG(u) ∩ NG(v) = ∅. Take x ∈ NG(u) and y ∈ NG(v). Construct an orientation D1 of G by the following steps: (1) if
us, tx ∈ E(G), then (u, s),(t, x) ∈ E(D1), (2) if ys, tv ∈ E(G), then (y, s),(t, v) ∈ E(D1), and (3) assign any arbitrary directions to
the other edges. Since NG(u) ∩ NG(v) = ∅, the vertices u and y are sources and the vertices x and v are sinks in D1. Therefore
the vertices u, v, x, y must be in every hull set of D1. Hence h+(G) ≥ h(D1) ≥ 4 = h−(G)+ 2.
Case 2. NG(u)∩ NG(v) 6= ∅. Take x ∈ NG(u)∩ NG(v). Construct an orientation D2 of G by the following steps: (1) if ut, vs ∈ E(G),
then (u, t),(v, s) ∈ E(D2), (2) if tx ∈ E(G), then (t, x) ∈ E(D2), and (3) assign any arbitrary directions to the other edges. In D2,
the vertices u and v are sources and the vertex x is a sink. Then the vertices u, v and x must be in every hull set of D2. Since
|V(G)| ≥ 4 and [{u, v, x}]D2 = {u, v, x} 6= V(G). We have that h+(G) ≥ h(D2) ≥ 4 = h−(G)+ 2. 
Theorem 3. If G is a connected graph with at least 3 vertices, then g−(G) < h+(G).
Proof. Suppose that G is a connected graph with order n ≥ 3. If G has a Hamiltonian path, then by Theorem 2, the statement
of the theorem is true. So we assume that G has no Hamiltonian path. Let T be a spanning tree of G obtained by the depth-
first search algorithm where V(T) = {u1, u2, . . . , un} (the order is given by the search with u1 as the root vertex of T) and the
leaves of T be v1, v2, . . . , vk. By G having no Hamiltonian path, k ≥ 3, and if uiuj ∈ E(G) with i < j, then ui is a vertex in the
path from u1 to uj in T.
If u1 is not a leaf in T, then by the depth-first search algorithm, v1, v2, . . . , vk are independent in G. (If ui = va, uj = vb,
i < j, and vavb ∈ E(G), then va is not a leaf of T.) Construct an orientation D1 of G by (ui, uj) ∈ E(D1) if and only if uiuj ∈ E(G)
and i < j. Then u1 is a source and v1, v2, . . . , vk are sinks in D1; that is, every hull set of D1 contains u1, v1, v2, . . . , vk. Thus,
h+(G) ≥ h(D1) ≥ k+ 1. By Lemma 1, g−(G) ≤ k < k+ 1 ≤ h+(G).
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Fig. 1. The graph C(8, 3).
If u1 is a leaf in T, then u1 = v1. there exists:
(a) If u1vi 6∈ E(G) for all i = 2, 3, . . . , k, then v1, v2, . . . , vk are independent. We can construct an orientation D2
of G in which v1, v2, . . . , vk are sinks in D2. Then every hull set of D2 contains v1, v2, . . . , vk. Since [{v1, v2, . . . , vk}]D2 ={v1, v2, . . . , vk}, h+(G) ≥ h(D2) ≥ k+ 1. By Lemma 1, g−(G) ≤ k < h+(G).
(b) If there exists j ∈ {2, 3, . . . , k} such that u1vj ∈ E(G), then let i be a smallest number such that degT(ui) ≥ 3, and T ′ be a
spanning tree of G with E(T ′) = E(T)\{ui−1ui}∪{u1vj}. Then the number of leaves in T ′ is k−1. By Lemma 1, g−(G) ≤ k−1. Let
D3 be an orientation of G defined by (ui, uj) ∈ E(D3) if and only if uiuj ∈ E(G) and i < j. In D3, u1 is a source and v2, v3, . . . , vk
are sinks; that is, h+(G) ≥ h(D3) ≥ k.
Hence g−(G) < h+(G) for G of order n ≥ 3. The theorem then follows. 
By Theorems 2 and 3, we have the following two corollaries.
Corollary 4. If G is a graph, then g−(G) ≤ h+(G).
The result that g−(G) < g+(G)was first stated in [2] although there was a gap in the proof. The proof was corrected, and
extended to show that h−(G) < h+(G), by Farrugia [4].
Corollary 5. If G is a connected graph with at least 3 vertices, then h−(G) < h+(G) and g−(G) < g+(G).
Corollaries 4 and 5 answer negatively the possibilities (7) and (8) of problem 4 of Farrugia in [4]; i.e., there is no graph G
with at least 3 vertices satisfying h−(G) < h+(G) ≤ g−(G) < g+(G).
3. Constructing a connected graph G with fixed numbers g−(G)− h−(G) and g+(G)− h+(G)
The aim of this section is to establish some classes of graphs G satisfying some restrictions on h+(G), g+(G), h−(G), and
g−(G).
First of all, we give an infinite class of graphs G such that h−(G) < g−(G) < h+(G) = g+(G) answering affirmatively
possibility (6) of problem 4 of Farrugia in [4]. Let n and t be positive integers with 1 ≤ t ≤ n. Define C(n, t) as a graph with
V(C(n, t)) = {1, 2, . . . , n, x, y} and E(C(n, t)) = {i(i+ 1) : i = 1, 2, . . . , n− 1} ∪ {1n, 1x, ty}. For example, Fig. 1 gives C(8, 3).
In C(n, t), the vertices x and y are leaves.
Theorem 6. Let n, t be positive integers with n ≥ 5, t 6= n2 + 1, and 3 ≤ t ≤ n − 1. Then h−(C(n, t)) = 2, g−(C(n, t)) = 3 and
h+(C(n, t)) = g+(C(n, t)).
Proof. First of all, we show that h−(C(n, t)) = 2. Define an orientation D1 of C(n, t) by: (1) (i, i + 1), (n, 1) ∈ E(D1)
for i = 1, 2, . . . , n − 1, and (2) (x, 1), (t, y) ∈ E(D1). In D1, (x, 1, 2, . . . , t, y) and (t, t + 1, . . . , n, 1) are geodesics. Then
ID1 [ID1 [{x, y}]] = V(D1). Therefore h(D1) = 2; that is, h−(C(n, t)) = 2.
In any orientation D of C(n, t), x and y must be in every geodetic set. If x and y are sources (or sinks), then g(D) ≥ 3. By
t 6= n2 + 1 and 3 ≤ t ≤ n− 1, the paths (1, 2, . . . , t) and (1, n, . . . , t + 1, t) with at least 3 vertices have different lengths in
C(n, t). If x is a source and y is a sink, then ID[x, y] cannot contain all vertices of D; that is, ID[{x, y}] 6= V(D). This implies that
g(D) ≥ 3. Similarly, if y is a source and x is a sink, then g(D) ≥ 3. So g−(C(n, t)) ≥ 3. And, we have that ID1 [{x, y, n}] = V(G).
Hence g−(C(n, t)) = 3.
Consider g+(C(n, t)) and h+(C(n, t)). If n is even, then C(n, t) is a bipartite graph. It is easy to find an orientation of C(n, t)
such that every vertex of the orientation is either a source or a sink. Thus, h+(C(n, t)) = g+(C(n, t)) = n + 2 for even n. If n
is odd, then (1, 2, . . . , n, 1) is an odd cycle in C(n, t). For any orientation D of C(n, t), there exist three consecutive vertices
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Fig. 2. The graph H.
u, v,w in (1, 2, . . . , n, 1) such that (u, v,w) is a geodesic in D. Then ID[V(D)− {v}] = V(D). So g+(C(n, t)), h+(C(n, t)) ≤ n+ 1.
Construct an orientation D2 of C(n, t) where 1, 3, . . . , n − 2 are sources and 2, 4, . . . , n − 1 are sinks. Then we have that
{1, 2, . . . , n− 1, x, y} is the unique minimum geodetic (or hull) set of D2. Thus, we have that g(D2) = h(D2) = n+ 1. Hence
g+(C(n, t)) = h+(C(n, t)) = n+ 1. 
Theorem 6 answers affirmatively possibility (6) of problem 4 of Farrugia in [4].
Secondly, we give a specific graph H such that h−(H) = g−(H) < h+(H) < g+(H). Define a connected graph H as the
graph with V(H) = {ai, bi, ci, di : i = 1, 2, 3, 4, 5} and E(H) = {a1b1, b1c1, c1d1, d1a1} ∪ {x1x2, x1x3, x2x3, x2x4, x3x5, x2y3 : x, y ∈
{a, b, c, d}}. (See Fig. 2.)
Lemma 7. Suppose that D is an orientation of H. Then
(a) if (a1, a2), (a1, a3), (a2, a3) ∈ E(D)(or(a2, a1), (a3, a1), (a3, a2) ∈ E(D)), then either a2 ∈ ID[a1, a4] or a2 ∈ ID[a4, a3];
(b) if (a1, a2), (a1, a3), (a3, a2) ∈ E(D)(or(a2, a1), (a3, a1), (a2, a3) ∈ E(D)), then either a3 ∈ ID[a1, a5] or a3 ∈ ID[a5, a2].
Proof. Suppose that (a1, a2), (a1, a3), (a2, a3) ∈ E(D). If (a2, a4) ∈ E(D), then (a1, a2, a4) is a geodesic in D. So a2 ∈ ID[a1, a4].
If (a4, a2) ∈ E(D), then (a4, a2, a3) is a geodesic in D. So a2 ∈ ID[a4, a3]. The proofs of the other statements are similar. 
Lemma 8. Suppose that D is an orientation of H. If there exists x ∈ {a, b, c, d} such that (x1, x2), (x1, x3) ∈ E(D) or
(x2, x1), (x3, x1) ∈ E(D), then h(D) ≤ g(D) ≤ 17.
Proof. Suppose that there exists x of a, b, c, d in D such that (x1, x2), (x1, x3) ∈ E(D) or (x2, x1), (x3, x1) ∈ E(D). Without
loss of generality, x = a. By Lemma 7, there exists k ∈ {2, 3} such that ak ∈ ID[{ai : i 6= k}]. If (b1, b2), (b1, b3) ∈ E(D) or
(b2, b1), (b3, b1) ∈ E(D), then by Lemma 7, there exists j ∈ {2, 3} such that bj ∈ ID[{bi : i 6= j}]; otherwise, b1 ∈ ID[{a1, b2, b3}].
For the vertices di, by the similar discussion of the vertices bi, we have that either there exists j ∈ {2, 3} such that
dj ∈ ID[{di : i 6= j}] or d1 ∈ ID[{a1, d2, d3}]. By the above, we can find a set S of 17 vertices in D such that ID[S] = V(D).
Hence h(D) ≤ g(D) ≤ 17. 
Proposition 9. For the graph H, we have h−(H) = g−(H) = 8, h+(H) = 17 and g+(H) = 18.
Proof. First of all, we prove that h−(H) = g−(H) = 8. Since x4, x5 for all x ∈ {a, b, c, d} are leaves in H, h−(H) and g−(H)
are greater than or equal to 8. If we have an orientation of H with the hull number and geodetic number being 8, then
h−(H) = g−(H) = 8. Define an orientation D1 of H as follows: (i) (x4, x2, x1, x3, x5) is a dipath in D1 for x ∈ {a, b, c, d}, (ii)
(x3, x2) ∈ E(D1) for x ∈ {a, b, c, d}, and (iii) assign any arbitrary directions to the other edges. Then (x4, x2, x1, x3, x5) is a
geodesic in D1 for x ∈ {a, b, c, d}. This implies that ID[{x4, , x5 : x ∈ {a, b, c, d}}] = V(D1). Hence, we have h−(H) = g−(H) = 8.
Secondly, we determine the value h+(H). If there exists an orientation D of H with h(D) ≥ 18 then, by Lemma 8,
a1 ∈ ID[{a2, a3, b1}], b1 ∈ ID[{b2, b3, c1}], and c1 ∈ ID[{c2, c3, d1}]. Taking S = V(D) \ {a1, b1, c1}, we have I3D[S] = V(D). Then we
get that h(D) ≤ 17, a contradiction. So h+(H) ≤ 17. Define an orientation D2 of H as follows: (i) x2, x5 for x ∈ {a, b, c, d} are
sources, (ii) x3, x4 for x ∈ {a, b, c, d} are sinks, and (iii) (a1, b1), (a1, d1), (c1, b1), (c1, d1) ∈ E(D2). In D2, all sources and sinks
are contained in every hull set. Since the distance from every source to every sink is either 1 or infinite, V(D2)\{a1, b1, c1, d1}
is not a hull set. And we can find that I2D2 [V(D2) \ {a1, b1, c1}] = V(D2). Thus V(D2) \ {a1, b1, c1} is a minimum hull set for D2
and h+(H) = h(D2) = 17.
Finally, we show that g+(H) = 18. If there exists an orientation D of H with g(D) > 18, then by Lemma 8, a1 ∈
ID[{a2, a3, b1}] and c1 ∈ ID[{c2, c3, d1}]. Letting S′ = V(D) \ {a1, c1}, we have ID[S′] = V(D); that is, g(D) ≤ 18. Let U =
{ai, bi, ci, di : i = 2, 3, 4, 5}. In the orientationD2 of the second paragraph, we have that ID2 [U∪{x1}] 6= V(D2) for x ∈ {a, b, c, d}.
And ID2 [V(D′) \ {a1, c1}] = V(D2). Hence g+(H) = g(D2) = 18. 
2138 J.-T. Hung et al. / Discrete Mathematics 309 (2009) 2134–2139
Suppose D = (V, E) is a digraph. Then the reverse digraph DR is a digraph obtained from D with the same vertex set V(D)
and E(DR) = {(u, v) : (v, u) ∈ E(D)}. It is easy to prove the following lemma.
Lemma 10. Suppose that D is a digraph and S ⊆ V(D). Then S is a hull or geodetic set in D if and only if it is also in DR.
Lemma 11. Suppose that D is a connected oriented graph with at least two vertices, S is a hull set of D, and x is a source (sink).
Then there exists an x–y geodesic (a y–x geodesic) in D with y ∈ IkD[S \ {x}] for some positive integer k.
Proof. Suppose that x is a source and S is a hull set in D. Let A be the convex hull of S \ {x} in D. By the definition, there exists
a positive integer k such that IkD[S \ {x}] = A and x 6∈ A. If A = V(D) \ {x}, take y ∈ A with (x, y) ∈ E(D), (x, y) is the geodesic
we want to find. For A 6= V(D) \ {x}, if there is no x–y geodesic for some y ∈ A, then ID[A ∪ {x}] = A ∪ {x}; that is, A ∪ {x} is a
convex hull containing S, a contradiction. Thus, there exists an x–y geodesic passing through some vertex of V(D) \ ({x} ∪ A)
for some y ∈ A. If x is a sink, then the proof is similar to the proof of x being a source. The lemma follows. 
Lemma 12. Suppose D is a connected oriented graph with at least two vertices, S is a geodetic set of D, and x is a source (or sink).
Then there exists an x–y geodesic (or an y–x geodesic) in D for some y ∈ S \ {x}.
Proof. Suppose that x is a source of a connected oriented graph D. Let (x, y) ∈ E(D). If y ∈ S, then (x, y) is the geodesic we
want to find. If y 6∈ S, then there exist u, v ∈ S such that y ∈ I[u, v]; that is, there is a geodesic (x1, x2, . . . , xr) containing xi = y
with x1 = u and xr = v for some 1 < i < r. Since (x, xi, . . . , xr) is a dipath in D, there exists a geodesic from x to v with v ∈ S.
For x being a sink in D, the proof is similar to the above one. Hence the lemma follows. 
Theorem 13. Suppose that G1 and G2 are disjoint connected graphs, x1 and x2 are leaves of G1 and G2, respectively, and
x1y1 ∈ E(G1), x2y2 ∈ E(G2). Let G = (V, E) be a graph obtained from G1 and G2 by defining V(G) = V(G1) ∪ V(G2) and
E(G) = E(G1) ∪ E(G2) ∪ {x1x2}. Then
(a) h+(G) = h+(G1)+ h+(G2),
(b) g+(G) = g+(G1)+ g+(G2),
(c) h−(G) = h−(G1)+ h−(G2)− 2, and
(d) g−(G) = g−(G1)+ g−(G2)− 2.
Proof. (a) Take an orientation D of G with h(D) = h+(G). Let the oriented graphs D1 and D2 be obtained from D by deleting
the edge between x1 and x2 where x1 ∈ V(D1) and x2 ∈ V(D2). Then D1 and D2 are orientations of G1 and G2, respectively.
Thus, h(D1) ≤ h+(G1) and h(D2) ≤ h+(G2). Let S1 and S2 be the minimum hull sets of D1 and D2, respectively, and S = S1 ∪ S2.
Since x1x2 is a bridge of G, S is a hull set of D. Therefore h+(G) = h(D) ≤ |S| = |S1| + |S2| ≤ h+(G1)+ h+(G2).
On the other hand, since x1 and x2 are leaves of G1 and G2, respectively, then by Lemma 10, there exist orientations D1 and
D2 of G1 and G2, respectively, satisfying (i) h(D1) = h+(G1) and h(D2) = h+(G2), and (ii) x1 is a source of D1 and x2 is a sink of
D2. Let D be an orientation of G with E(D) = E(D1)∪ E(D2)∪{(x1, x2)}. In D, x1 and x2 are still a source and a sink, respectively.
Let S be a minimum hull set of D, S1 = S ∩ V(G1), and S2 = S ∩ V(G2). It is easy to see that S1 and S2 are hull sets of D1 and D2,
respectively. This implies that |S1| ≥ h+(G1) and |S2| ≥ h+(G2). Therefore h+(G) ≥ h(D) = |S| = |S1|+ |S2| ≥ h+(G1)+h+(G2).
(b) The proof is similar to the proof of part (a).
(c) Suppose that D is an orientation of G with h(D) = h−(G) and a minimum hull set S. Let D1 = D \ V(G2) and
D2 = D \ (V(G1) \ {x1}). If x1 is a source in D, then S∩ V(D1) is a hull set of D1 and (S∩ V(D2)) is a hull set of D2. By Lemma 10,
(S∩V(D2)) is also a hull set of DR2. Let D′ be an orientation of G with E(D′) = E(D1)∪E(DR2). By Lemma 11, applied to D1 and DR2,
there exist an x1 − u geodesic and a v− x1 geodesic in D′ where u ∈ IkD1 [S∩ V(D1) \ {x1}] and v ∈ IlDR2 [S∩ V(D2) \ {x1}] for some
positive integers k and l. Let m be the maximum of k and l. Since x1 is a cut vertex of G, x1 ∈ Im+1D′ [S \ {x1}]. This implies that
S ⊆ Im+1D′ [S \ {x1}], then S \ {x1} is a hull set of D′, a contradiction. So, x1 is not a source of D. Similarly, we have that x1 is not a
sink of D. If we consider the vertex x2 in D, then we also have that x2 is neither a source nor a sink by the same reasoning.
Without loss of generality, (y1, x1, x2, y2) is a dipath in D. Since x1 is a sink of D1 and a source of D2, by Lemma 11, there
exist a u− x1 geodesic and an x1 − v geodesic in D with u ∈ IkD1 [S ∩ V(D1) \ {x1}] and v ∈ IlD2 [S ∩ V(D2) \ {x1}] for some k and l.
Since x1 and x2 are cut vertices in G, every u–v geodesic contains vertices x1 and x2 in D. Hence x1, x2 6∈ S. Let D′1 = D \ V(G2),
D′2 = D\V(G1), S1 = (S∩V(D′1))∪{x1}, and S2 = (S∩V(D′2))∪{x2}. ThenD′1 andD′2 are the orientations of G1 and G2, respectively,
and S1 and S2 are hull sets of D′1 and D′2, respectively. We have that h−(G) = |S| = |S1| + |S2| − 2 ≥ h−(G1)+ h−(G2)− 2.
On the other hand, by Lemma 10, there exist orientations D1 and D2 of G1 and G2, respectively, such that h(D1) = h−(G1),
h(D2) = h−(G2), x1 is a source of D1, and x2 is a sink of D2. Let Si be a minimum hull set of Di for i = 1, 2, S′ = S1 ∪ S2 \ {x1, x2},
and D′ be an orientation of G with E(D′) = E(D1) ∪ E(D2) ∪ {(x2, x1)}. By Lemma 11, there exist an x1 − u geodesic and a
v− x2 geodesic in D1 and D2, respectively, with u ∈ IkD1 [S1 \ {x1}] and v ∈ IlD2 [S2 \ {x2}] for some positive integers k and l. Then
x1, x2 ∈ ID′ [v, u]. Thus, [S′]D′ = V(D′); that is, h−(G) ≤ h(D′) ≤ |S′| = h−(G1)+ h−(G2)− 2.
By the above two inequalities, we have h−(G) = h−(G1)+ h−(G2)− 2.
(d) By using Lemmas 10 and 12, we can get a proof similar to the proof of part (c). 
According to Theorem 6, Proposition 9, and Theorem 13, we establish the following theorem.
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Theorem 14. For nonnegative integers a and b, there exists a connected graph G such that g−(G) − h−(G) = a and g+(G) − h+
(G) = b.
By Theorem 14, we can get an infinite number of graphs G such that either g−(G) = h−(G) and g+(G) > h+(G), or
g−(G) > h−(G) and g+(G) = h+(G). These results answer possibilities (5) and (6), respectively, of the problem of Farrugia
in [4]. We also find an infinite class of graphs G with h−(G) < g−(G) < h+(G) < g+(G).
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